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Abstract

Currently, machine learning has been utilized in a wide range of areas. Machine learning has proven to be highly beneficial and
effective in the realm of science and physics, leading to the emergence of a new discipline known as scientific machine learning. A
wide array of machine learning branches has been applied in the field of scientific machine learning. A significant advancement in
this domain occurred after the development of physics-informed machine learning. A Physics Informed Neural Network (PINN)
is a neural network designed to accurately represent the solution of linear or nonlinear partial differential equations. This study
employs an application of Physics-Informed Neural Networks (PINN) to address a heat transfer problem. The performance of
Physics-Informed Neural Networks (PINN) in heat conduction applications is examined through three case studies: 1D steady-
state, 1D transient, and 2D transient heat conduction. To ensure that the model prediction is reasonably accurate, a technique called
self-adaptive weighting method has been incorporated into the PINN to significantly decrease the model’s prediction error. Finally,
another application of the PINN, which is physics discovery, was investigated. The study demonstrated that the PINN can achieve
an accuracy of 93.2% in predicting the thermal diffusivity coefficient of a material, given a set of experimental data of a material
with the unknown corresponding parameter.
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1. Introduction

In contemporary times, the utilization of computers for sim-
ulating complex processes proves instrumental in enhancing
the analysis of technological and physics-based phenomena,
thereby optimizing efficiency. Physicists engage in the mod-
eling of these intricate processes, culminating in the derivation
of governing equations. The complexity of a given process di-
rectly correlates with the challenge posed in solving its govern-
ing equation. Notably, within the realm of fluid mechanics, the
equations governing fluid flow and heat transfer exhibit a high
degree of complexity, necessitating the application of diverse
numerical methods for resolution. Over the past five decades,
significant strides have been made in comprehending multi-
scale physics across various disciplines. This progress has been
achieved through the numerical solution of partial differential
equations (PDEs) employing diverse methodologies such as fi-
nite differences, finite elements, spectral, and meshless methods
[1; 2; 3].

Despite considerable advancements, the endeavor to model
and predict the evolution of nonlinear multi-scale systems
characterized by inhomogeneous cascades-of-scales encounters
formidable challenges when relying on classical analytical or
computational tools. These challenges give rise to exorbitant
costs and multiple sources of uncertainty. Additionally, ad-
dressing inverse problems, such as inferring material properties
in functional materials or unraveling missing physics in reactive
transport, is frequently cost-prohibitive. These tasks demand
intricate formulations, innovative algorithms, and sophisticated

computer codes. Importantly, tackling real-life physical prob-
lems afflicted by missing, incomplete, or noisy boundary condi-
tions through traditional approaches stands as a currently insur-
mountable challenge. The need for novel methodologies, inte-
grating cutting-edge scientific techniques and advanced compu-
tational strategies, is evident to overcome the limitations posed
by existing paradigms and unlock new frontiers in our ability to
understand and manipulate complex, multi-scale systems [1; 4].

Observational data plays a pivotal role in contemporary re-
search, particularly with the imminent deployment of over a
trillion sensors, encompassing airborne, seaborne, and satellite
remote sensing. This vast array of multi-fidelity observations,
characterized by their volume, velocity, and variety, presents
an opportunity for exploration through data-driven methods.
However, integrating such data seamlessly into existing phys-
ical models remains challenging, given the spatiotemporal het-
erogeneity and lack of universally acceptable models [1; 5].

The emergence of machine learning (ML) addresses this
challenge by leveraging its capacity to explore expansive de-
sign spaces, identify multi-dimensional correlations, and tackle
ill-posed problems. ML, especially deep learning approaches,
can automatically extract features from massive multi-fidelity
observational data, offering tools for detecting climate extremes
and statistically predicting dynamic variables like precipitation
or vegetation productivity. Additionally, deep learning facil-
itates the linkage of these features with existing approximate
models, paving the way for the development of new predictive
tools [1].
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Despite the widespread use of machine learning (ML), many
ML approaches struggle to extract interpretable knowledge
from vast datasets. While data-driven models may fit obser-
vations well, their predictions can be physically inconsistent
due to issues like extrapolation or observational biases, limit-
ing generalization performance. Thus, there is a crucial need
to integrate fundamental physical laws and domain knowledge
into ML models, ’teaching’ them governing rules to provide
more informative priors for enhanced predictive accuracy [1].

An illustration of the evolving learning approach is seen in
’physics-informed neural networks’ (PINNs), a type of deep
learning algorithm. PINNs seamlessly integrate data and math-
ematical operators, accommodating partial differential equa-
tions (PDEs) with or without missing physics. The main goal
is to use prior knowledge or constraints for creating more un-
derstandable machine learning (ML) methods. These meth-
ods prove robust even with imperfect data, like missing values
or noise, delivering accurate and physically consistent predic-
tions, especially in tasks involving extrapolation or generaliza-
tion [1; 4; 5].

In this study, we delve into the application of Physics-
Informed Neural Networks (PINNs) as part of a course project,
focusing on solving the heat conduction equation in both 1D
and 2D geometries. The primary goals include gaining a foun-
dational understanding of PINN, mastering its implementation
using TensorFlow 2, and navigating the challenges inherent in
solving governing equations for physical phenomena. Through-
out the report, we detail the problem’s Partial Differential Equa-
tion (PDE) and boundary conditions in Section 2.1, elucidate
the background of PINN in Section 2.2, and explore the PINN
structure with adaptive loss and for physics discovery in Sec-
tions 2.3 and 2.4. The information about training parameters
are also explained in 2.5. The results and conclusions are sub-
sequently presented in Sections 3 and 4, respectively.

2. Background and Methodology

In this section, the various facets of the problem, encom-
passing the governing equations for heat conduction, the for-
mulation of equations for the PINN model, the incorporation
of Adaptive Loss in PINN, and the exploration of Physics Dis-
covery in the context of heat conduction will be comprehen-
sively addressed. Additionally, we elucidate the methodology
employed for implementing these models in TensorFlow 2.

2.1. Heat Conduction Equation

Heat conduction represents a mode of heat transfer char-
acterized by the diffusion mechanism, wherein heat is propa-
gated through a medium. A prominent illustration of this phe-
nomenon is observed in solids, where heat is transferred in re-
sponse to a temperature gradient. The governing equation for
heat conduction in Cartesian coordinates is expressed in its gen-
eral form as depicted in Equation (1). This equation encap-
sulates the fundamental principles underlying heat conduction,
providing a foundational understanding of the thermal dynam-
ics in materials experiencing temperature variations [3].
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where T denotes temperature, and X,Y,Z represent the Carte-
sian coordinates in space. The variable τ signifies time, while
k stands for conductivity, and ρ and cp denote density and spe-
cific heat capacity, respectively. The term Q̇ refers to the heat
source. To increase the perfomance of PINN, it is preferred to
use the normalized form of equations. Therefore, the form of
equation (1) is as modified as below.
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where u = (T − T0)/(T0 − T1), where T0 represents the ini-
tial temperature, T1 denotes the minimum temperature in the
system, and x, y, z are the transformed coordinate components
ranging from -1 to 1. The variable t signifies scaled time, rang-
ing from 0 to 1, while α = k/(ρcp) characterizes the diffusivity
of the material.

In this project, our focus is exclusively on addressing the 1D
steady state, 1D transient, and 2D transient scenarios of heat
conduction through the application of Physics-Informed Neural
Networks (PINNs), aiming to derive surrogate models for these
systems. In what follows, we elaborate on the equations, as
well as the appropriate initial and boundary conditions for each
of these cases.

I. 1D Steady State:

In this case, the temporal, y, and z spatial terms of Equa-
tion (2) are disregarded. Moreover, for this case and all
subsequent cases, the heat source term is omitted. The
simplified equation is expressed as follows:

α
∂2u
∂x2 = 0 (3)

The boundary conditions for this equation are defined as
u = 0 at x = −1 and u = 1 at x = 1. The visual representa-
tion of this case is presented in Figure 1a. The analytical
solution for this equation is given by u = 0.5(x + 1) for x
within the range of −1 to 1.

II. 1D Transient:

In this case, the spatial terms y and z in Equation (2) are
disregarded.

∂u
∂t
= α
∂2u
∂x2 (4)

The boundary conditions for this equation are specified as
u = 0 at x = −1 and u = 0 at x = 1. Additionally, the
initial condition for this problem is set as u = 1 at t = 0.
The visual representation of this case is depicted in Figure
1b. The solution to this equation is computed using the
Finite Difference (FD) implicit method, with the method’s
details provided in Appendix A.
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Figure 1: The schematic figure of the problem for different cases

III. 2D Transient:

In this case, the spatial term z in Equation (2) is disre-
garded.

∂u
∂t
= α

[
∂2u
∂x2 +

∂2u
∂y2

]
(5)

The boundary condition for this equation is specified as
u = 0 at x = −1, x = 1, y = −1, and y = 1. Additionally,
the initial condition for this problem is set as u = 1 at
t = 0. The visual representation of this case is illustrated
in Figure 1c. The solution to this equation is computed
using the Finite Difference (FD) implicit method, with the
method’s details provided in Appendix Appendix A.

It is crucial to emphasize that all subsequent formulations are
presented based on the 2D Transient case, and deriving equiva-
lent equations for other cases is straightforward.

2.2. PINN
Typically, engineering systems with a PDE constraint can be

formulated as:

ut +N [u] = 0, x, y ∈ Ω, t ∈ [0,T ] (6)

where u (x, y, t) denotes the latent (hidden) solution, N [.] is a
nonlinear/linear differential operator, Ω is a subset of Rd, and
x, y and t are the space and time with 0 and T representing the
spatial domain and time span. In Physics-Informed Neural Net-
works (PINNs), the unknown parameters 0, which represent the
weights and biases, are used to infer the latent function u (x, y, t)
(e.g., temperature field T (x, y, t) in a heat transfer issue) using
a feed-forward neural network. To achieve an optimal set of
parameters, an optimization problem may be solved using gra-
dient descent. This involves minimizing a composite loss func-
tion, which is expressed in the following form:

L (θ) B LPDE(θ) +LBC(θ) +LIC(θ) (7)
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Figure 2: The flowchart of PINN algorithm

LPDE (θ) represents the loss term that imposes the govern-
ing rules and physics dictated by partial differential equations
(PDEs). The PDE (ut + N [u] = 0) residuals are penalized
at certain collocation points (xPDE , yPDE , tPDE), which are fre-
quently chosen in a random manner. LIC (θ) and LBC (θ) rep-
resent the losses related to the initial and boundary conditions,
respectively. To reduce the losses during training, it is neces-
sary to define initial and boundary locations, similar to those in
LPDE (θ). A well-trained neural network fθ (x, y, t) with a close-
to-zero L (θ) can accurately represent the solution of the PDEs
for the specific task in mind. The mean squared error (MSE)
is the standard loss function used for the loss terms in PINNs
[6]. For the current study, losses can be written as equations
(8). Also, a summary of the network architecture can be found
in Figure 2.

LPDE(θ) = MSE
[
∂u
∂t
− α

(
∂2u
∂x2 −

∂2u
∂y2

)]
(8a)

LBC(θ) = MSE[u(−1, y, t) − 0]
+MSE[u(+1, y, t) − 0]
+MSE[u(x,−1, t) − 0]
+MSE[u(x,+1, t) − 0]

(8b)

LIC(θ) = MSE[u(x, y, 0) − 1] (8c)

2.3. PINN - Self Adaptive Loss

The basic Physics-Informed Neural Network (PINN)
method, as explained earlier, has demonstrated remarkable per-
formance in solving many linear and nonlinear PDEs. How-
ever, it may yield imprecise approximations or fail to converge
completely when used to certain ’stiff’ PDEs. A great amount
of evidence has accumulated suggesting that this arises due to
the limitations of gradient descent applied to the multi-part or
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multi-objective loss function, such as [7; 8; 9; 10]. This phe-
nomenon arises due to the nature of gradient descent, which
is an algorithm that prioritizes certain components over others,
leading to an imbalanced rate of descent among the various loss
components. As a result, convergence to the proper solution is
hindered.

All prior approaches in the literature utilize a linearly-
scalarized function as a weight, with the sole distinction lying
in the manner in which the weights are updated. However, the
self-adaptive weighting approach (SA-PINNs) differs funda-
mentally in that it assigns weights to individual training points
in the various loss components, rather than updating the weights
for the entire loss component simultaneously. Out of the meth-
ods cited before, the Minimax weighting scheme [11] is the
most similar to SA-PINNs because it also updates its weights
using gradient ascent. However, in this scheme, the weights
are applied to all loss components as a whole, whereas in the
self-adaptive weighting method, each training point is weighted
individually using its own weight variable. This strategy has a
resemblance to attention methods employed in computer vision
[12; 13]. The suggested technique aligns with the neural net-
work principle of self-adaptation by updating the weights in the
loss function by gradient descent, rather than hard-coding them
to specific parts of the solution. The proposed self-adaptive
PINN utilizes the loss functions in equations (9).

L(θ, λPDE , λBC , λIC) B LPDE(θ, λPDE)
+LBC(θ, λBC)
+LIC(θ, λIC)

(9a)

LPDE (θ, λPDE) = MSE
(
λPDE

(
∂u
∂t
− α

(
∂2u
∂x2 −

∂2u
∂y2

)))
(9b)

LBC(θ, λBC) = MSE(λBC1 (u(−1, y, t) − 0))
+MSE(λBC2 (u(+1, y, t) − 0))
+MSE(λBC3 (u(x,−1, t) − 0))
+MSE(λBC4 (u(x,+1, t) − 0))

(9c)

LIC (θ, λIC) = MSE (λIC (u (x, y, 0) − 1)) (9d)

where λPDE =
(
λ1
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nPDE
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)
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BCi
, . . . , λnBC

BCi

)
, and

λIC =
(
λ1

IC , . . . , λ
nIC
IC

)
are trainable, nonnegative self-adaptation

weights for the collocation, initial, and boundary points, re-
spectively. The self-adaptation mask function λ is a nonneg-
ative and differentiable function defined on the interval [0,∞),
and it is strictly growing. One important characteristic of self-
adaptive PINNs is that the loss function L (θ, λPDE , λBC , λIC) is
minimized with respect to the network weights w, as normal,
but is maximized with respect to the self-adaptation weights
λPDE , λBC , λIC . The steps for gradient descent/ascent that relate
to this are as equations (10).

θk+1 = θk − ηk∇θL (θ, λPDE , λBC , λIC) (10a)

λk+1
PDE = λ

k
PDE + ρ

k∇λPDEL (θ, λPDE , λBC , λIC) (10b)

λk+1
BCi
= λk

BCi
+ ρk∇λBCi

L (θ, λPDE , λBC , λIC) (10c)

λk+1
IC = λ

k
IC + ρ

k∇λICL (θ, λPDE , λBC , λIC) (10d)

where ηk = 10−3 is the learning rate for the neural network
weights at step k, ρk = 0.2 is a separate learning rate for the
self-adaption weights.

It is evident that the sequences of weights λk
PDE , k = 1, 2,,

λk
BC , k = 1, 2,, λk

IC , k = 1, 2, (and the related mask values) ex-
hibit a consistent upward trend, as long as the corresponding
unmasked losses are not equal to zero. Moreover, the size of
the gradients ∇λPDEL, ∇λBCi

L, ∇λICLL, and hence the updates,
is greater when the corresponding unmasked losses are big-
ger. Furthermore, the extent of updates may be regulated by
defining a schedule for the learning rates ρk, so introducing fur-
ther adaptability. This imposes more severe penalties on the
network for not closely matching the residual, boundary, and
initial points. It should be noted that any of the weights can
be assigned fixed, non-trainable values, if desired. By setting
λk

BCi
≡ 1, just the weights of the initial and residue points will

be trained. If the data is composed of noisy observations, cau-
tion must be taken to properly weigh them in order to prevent
overfitting. However, it should be noted that this issue is still
an ongoing research challenge. It is important to initialize the
self-adaptive weights at the start of training. The weights can
be initialized to either 1 (no weighting) or to a different num-
ber, depending on the particular circumstances. Alternatively,
they can be randomly initialized within a certain range, mirror-
ing the common practice of initializing neural network weights.
Prior knowledge is crucial in this context. For instance, if it is
known that the initial conditions in a problem are difficult to
accommodate, the weights for the initial conditions could be
initialized to a higher value compared to the other weights. Al-
ternatively, the initial condition weights could be initialized at
the same value as the other weights but with a larger learning
rate. In this study, all weights are initialized randomly in the in-
terval of [0, 1). The gradient ascent/descent step may be readily
accomplished using readily available neural network software
by negating the values of ∇λPDEL, ∇λBCi

L, and ∇λICL. For this
study, the described method utilized using Tensorflow 2.7 and
employ a predetermined number of iterations of the Adam op-
timizer [14]. Also, a summary of the network architecture can
be found in Figure 3.

2.4. Physics Discovery

PINN can be extensively utilized to uncover the fundamen-
tal principles of a given event, such as the underlying PDE of
a partially unknown problem or the characteristics of a mate-
rial employed in a recognized process. In this study, it was
assumed a heat conduction on an unknown material, which cor-
responds to N [u, α1] = −α1

(
∂2u
∂x2 −

∂2u
∂y2

)
. The current challenge

is in the data-driven exploration of partial differential equations
for physics discovery, possessing the following question: given
a small set of scattered and potentially observations (which can
be experimental or numerical) of the hidden state u(x, y, t) of
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Figure 3: The flowchart of PINN algorithm with adaptive loss

a system, what are the parameters α1 that best describe the ob-
served data? Therefore, one more term is added to the total loss,
which leads to equations (11).

L(θ, λPDE , λBC , λIC , λdata, α1) B LPDE(θ, λPDE , α1)
+LBC(θ, λBC)
+LIC(θ, λIC)
+Ldata(θ, λdata)

(11a)

LPDE (θ, λPDE , α1) = MSE
(
λPDE

(
∂u
∂t
− α1

(
∂2u
∂x2 −

∂2u
∂y2

)))
(11b)

LBC(θ, λBC) = MSE(λBC1 (u(−1, y, t) − 0))
+MSE(λBC2 (u(+1, y, t) − 0))
+MSE(λBC3 (u(x,−1, t) − 0))
+MSE(λBC4 (u(x,+1, t) − 0))

(11c)

LIC (θ, λIC) = MSE (λIC (u (x, y, 0) − 1)) (11d)

Ldata(θ, λdata) = MSE(λdata(u(xobs, yobs, tobs)

− uobs(xobs, yobs, tobs)))
(11e)

where xobs, yobs, tobs are the spatial and time coordinates of
the observed points and uobs

(
xobs, yobs, tobs

)
is the temperature

at the observed points. By initializing α1 with a random number
(here is 0.5), similarly, an optimal set of parameters can be ob-
tained via an optimization problem, i.e., using Adam optimizer,
to minimize the corresponding composite loss function, and get
reach to the actual value of α1. Also, a summary of the network
architecture can be found in Figure 4.
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Figure 4: The flowchart of PINN algorithm with adaptive loss for Physics Dis-
covery

2.5. Training

The in-house algorithm utilizes an implicit finite difference
approach to simulate the heat transfer of the previously men-
tioned issue and solve the relevant heat transfer partial differen-
tial equations (PDEs). The baseline, self-adaptive method, and
physics discovery PINN models all utilize networks with a cer-
tain number of hidden layers (Nlayer) and neurons (Nneuron), as
outlined in Table 1. These hidden layers employ a hyperbolic
tangent activation function. The output layer lacks an activa-
tion function, meaning it utilizes a linear activation function
with a slope of 1. The training of the PDE involves the usage of
the ADAM optimizer with a learning rate of 0.001. A total of
(Nepoch) epochs are implemented, which may be found in Table
1. The models’ performance is evaluated using a test dataset
consisting of nPDE , nBC , nIC points, which is shown in Figures
8e and 9e. for both 1D transient and 2D transient cases. For
1D steady state, nPDE = 1000, nBC = 2, for 1D transient case
nPDE = 50000, nBC = 1000 per BC, nIC = 1000, and 2D tran-
sient case, nPDE = 30000, nBC = 1000 per BC, nIC = 1000.
The construction and training of all models are carried out in
Python using the TensorFlow framework.

3. Results

PINN algorithm: After training the 1D steady-state and tran-
sient heat transfer problems, the temperature distribution plot
and evolution of loss values along the epochs is illustrated in
Figure 5. As shown, the baseline PINN was unable to predict
the boundary condition at x = 0 well in 1D steady-state heat
transfer problem. This is also confirmed in Figure 5b, which
shows higher loss values of the corresponding boundary condi-
tion as well as its loss reduction rate, meaning that the optimizer
was unable to minimize the corresponding loss, well.

The same flaws can be found in 1D transient heat transfer
problem. As shown, both boundary conditions as well as the
initial condition could not be satisfied in the training process.
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Layer 1D Steady State 1D Transient 2D Transient

PINN

N1st 1 × 1 1 × 2 1 × 3

NHi 2 × 10 8 × 32 10 × 40

Nlast 1 × 1 1 × 1 1 × 1

NEpochs 10000 13000 1000

SA-PINN

N1st 1 × 1 1 × 2 1 × 3

NHi 2 × 10 8 × 20 10 × 20

Nlast 1 × 1 1 × 1 1 × 1

NEpochs 5000 900 1000

SA-PINN-PD

N1st - 1 × 2 -

NHi - 8 × 32 -

Nlast - 1 × 1 -

NEpochs - 2500 -

Table 1: The Information of Neural Networks for training the PINN, Self Adap-
tive Loss PINN (SA-PINN), and SA-PINN for Physics Discovery (SA-PINN-
PD). The N × M in the table means N layers with M Neurons.

(a)

(b)

Figure 5: The results of training for 1D steady state case (a) temperature distri-
bution (b) loss values vs epochs

It is shown in Figure 6a that the boundaries at initial time steps
could not be imposed to the value set in the problem. Moreover,

(a)

(b)

Figure 6: The results of training for 1D Transient case (a) temperature distribu-
tion (b) loss values vs epochs

the initial condition was unable to reach to its imposed value
near the boundary condition x=1. The loss evolution (Figure
6) also confirms that the optimizer was unable to minimize the
boundary and initial conditions’ loss functions.

Self-adaptive weighting method: After training the 1D
steady-state, 1D transient, and 2D transient heat transfer prob-
lems, the temperature distribution plot and evolution of loss val-
ues along the epochs are illustrated in Figures 7, 8, 9.

As it can be seen, implementing self-adaptive weighting
method into the baseline PINN significantly increased PINN’s
performance in 1D steady state case. With this method, bound-
ary conditions were imposed to their corresponding values dur-
ing the training, as illustrated in Figure 7a. This is also con-
firmed in Figure 7b showing the rate of loss values decrease
that roughly is the same for all PDE, and BC losses by using
self-adaptive weighting method. The change in weight of each
loss function is also illustrated in Figure 7c.
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(a) (b) (c)

Figure 7: The results of training for 1D steady state case with SA-PINN algorithm (a) temperature distribution (b) loss values vs epochs (c) self-adaptive weights vs
epochs

(a)

(b)

(c) (d) (e)

Figure 8: The results of training for 1D transient case with SA-PINN algorithm (a) temperature distribution for all times (b) Comparison of SA-PINN and FDM
results for some time sections (c) loss values vs epochs (d) self-adaptive weights vs epochs (e) data set samples
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(a)

(b)

(c) (d) (e)

Figure 9: The results of training for 2D transient case with SA-PINN algorithm (a) temperature distribution of SA-PINN in some time sections (b) temperature
distribution of FDM in some time sections (c) loss values vs epochs (d) self-adaptive weights vs epochs (e) data set samples

(a)

Figure 10: The results of training for 1D steady state case with SA-PINN algorithm for Physics Discovery (a) temperature distribution for SA-PINN and FDM
results
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The same increase in performance of the model prediction
was seen for the 1D transient heat transfer problem. Using
self-adaptive weighting method, initial and boundary condi-
tions were imposed to their corresponding values very well, as
illustrated in Figures 8, 8b . As shown in Figure 8c optimizer
minimized all loss functions well with approximately same rate
of minimization. The change in weight of each loss function is
also illustrated in Figure 8d.

The PINN was also trained for a 2D transient heat transfer
problem. Due to the low performance of the computer used for
training, number of layers, neurons, or epochs could not be in-
creased to reach to higher accuracy of the PINN model. Never-
theless, the limited number of epochs still could give a reason-
ably acceptable accuracy for the model’s prediction. Figures
9a and 9b can show the comparison of FDM results with PINN
results in three different time stamps.

PINN in the application of Physics Discovery: As mentioned
earlier, PINN is implemented to investigate the performance of
the PINN in the application of physics discovery. Here, PINN
was used to predict the diffusivity coefficient of a 1D transient
heat transfer problem. The actual value of the diffusivity coeffi-
cient, from which data points collected in order to train PINN,
is 1.0. The initial value set in the process of training is 0.5.
After training, the distribution and profile of temperature in do-
main is illustrated in Figure 10. Also the PINN prediction and
error can be found in Table 2. As pointed out, PINN can be
acceptably used in predicting the thermal diffusivity coefficient
of the problem’s material.

Correct PDE ut = 1uxx

Initial PDE ut = 0.5uxx

SA-PINN-PD ut = 0.932uxx

Table 2: The result of SA-PINN for Physics Discovery (SA-PINN-PD) of the
1D transient heat transfer. The error is 6.8%.

4. Conclusion

In this project, we utilized Physics-Informed Neural Network
(PINN) and Self-Adaptive Loss PINN to tackle the partial dif-
ferential equations (PDEs) governing heat conduction in 1D
steady state, 1D transient, and 2D transient scenarios. As previ-
ously highlighted, our results exhibit strong agreement with so-
lutions obtained through the finite difference method for these
PDEs. Notably, PINN displays promising efficacy in solving
intricate PDEs like Navier-Stokes and Heat Transfer equations,
a remarkable feat considering its meshless nature. Furthermore,
PINN excels in unraveling unknown characteristics within data,
such as material properties, a challenging task for traditional
physics algorithms. Therefore, we affirm that physics-informed
machine learning seamlessly integrates data and mathematical
physics models, even in partially understood, uncertain, and

high-dimensional contexts. This integration stands as a valu-
able and innovative tool for handling both data and complex
physical phenomena.

Appendix A. FDM Algorithm and Formulation

In this appendix, we elucidate the finite difference method
employed for solving the 2D transient case of heat conduction,
focusing on an implicit algorithm. The approach utilizes a 1st-
order approximation for the temporal term and a 2nd-order ap-
proximation for the spatial terms. Implicit methods are partic-
ularly advantageous in heat conduction simulations, as they of-
fer increased stability and efficiency compared to explicit meth-
ods. The implicit nature of the algorithm allows for larger time
steps, facilitating more computationally efficient simulations
while ensuring accuracy in capturing the dynamic behavior of
the system.

un+1
i, j − un

i, j

∆t
= α

un+1
i+1, j − 2un+1

i, j + un+1
i−1, j

∆x2 +
un+1

i, j+1 − 2un+1
i, j + un+1

i, j−1

∆y2


(A.1)

The equation (A.1) gives rise to a system of algebraic equa-
tions, Au = b, where A is the coefficient matrix, u represents
the unknown temperatures, and b is the vector comprising the
right-hand side of the algebraic equations. In the context of
a 2D scenario with the selection of nodes in both x and y di-
rections as nx = ny = 100, the dimensions of vector u be-
come nxny × 1 = 10000 × 1, while the matrix A expands to
nxny × nxny = 10000× 10000. Consequently, solving an almost
sparse matrix of this scale, such as A, becomes computation-
ally challenging. A more viable approach involves employing a
semi-implicit algorithm for the 2D case. In this configuration,
the solution for one line in the x(y) direction is derived using
an implicit method, while the solution in the y(x) direction is
obtained by marching in that specific direction. By considering
the implicit direction in x and the marching direction in y, the
equation (A.1) undergoes modification for enhanced computa-
tional efficiency.

un+1
i, j − un

i, j

∆t
= α

un+1
i+1, j − 2un+1

i, j + un+1
i−1, j

∆x2 +
un

i, j+1 − 2un+1
i, j + un+1

i, j−1

∆y2


(A.2)

Here, ui, j−1 is determined based on the updated values from the
preceding line, specifically at iteration time n + 1. The semi-
implicit algorithm is as below.
γ ← α × ∆t

∆x2

for 0 ≤ i ≤ nx − 2 do
A[i, i]← 1 + 4 × γ
if i ≥ 1 then

A[i, i − 1]← −γ
end if
if i < nx − 3 then

A[i, i + 1]← −γ
end if

end for
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for 0 ≤ k ≤ kmax do
for 0 ≤ j ≤ ny − 2 do

R[:]← γuk−1
1≤i≤nx−2, j+1 + γu

k
1≤i≤nx−2, j−1 + uk−1

1≤i≤nx−2, j

R[0]← R[0] + γuk
x=−1

R[nx − 3]← R[nx − 3] + γuk
x=1

u′ ← solve(A,R)
uk

1≤i≤nx−2, j ← u′

uk
0, j ← uk

x=−1

uk
nx−1, j ← uk

x=1
if j = 0 or j = ny − 2 then

uk
:,0 ← uk

y=−1

uk
:,ny−1 ← uk

y=1
end if

end for
end for
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